Introduction
If G is a finite group, then there exist positive integers r < s such that for all x, y € G the following holds: [a;, w] = [x, y] . If r is chosen minimal with respect to this property, we call v the (Engel-) depth of G . Let f be the class of all finite groups of Engel depth less than or equal to r . Obviously, a finite nilpotent group belongs to V if and only if it satisfies the *th Engel condition.
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R o l f B r a n d l
(a) G/F(G) is supersoluble, metabelian and for all odd primes p the Sylow p-subgroups of G/F{G) are abelian, (b) if p is an odd prime,
I (G) S I ; also £ 2 (c 2 ) 5 1 .
Unless otherwise stated, all groups considered in this paper are finite.
The structure of groups in VT
his section is devoted to a proof of the main theorem mentioned in the introduction. We first note a simple observation that turns out to be very useful in the proofs. We now prove t h a t a l l groups in 1/ are soluble (this fact has been found independently by D. Nikolova). In order to do t h i s , we examine t h e minimal simple groups (see [ H ] ) .
LEMMA 2. The Suzuki groups Sz(q) and SL(3, 3) do not belong to
Proof. Let G = Sz(q) , l e t A be a Sylow 2-subgroup of G and l e t H = Ng(A) . Any element i n H of order q -1 acts t r a n s i t i v e l y on
and so for any a € A\$(A) we have A = < a > . But A i s nonabelian and so H £ M by Lemma 1. This proves G \ f 2 .
The group SL(3, 3) contains a subgroup H isomorphic with 3) . The same argument yields SL(3, 3) ^ 1/ .
We now deal with the remaining minimal simple groups G = PSL(2, q) . We now prove the first part of our main theorem.
Proof. Let G be a minimal counterexample. Lemma 2 , Lemma 3 and [ H ] imply that G i s soluble. By [ 2 , 2.93 we know that G i s a s p l i t extension of i t s unique minimal normal subgroup A ? by a complement Q and a l l proper subgroups of Q are supersoluble. From [5] we infer that Q has a unique normal Sylow subgroup A possessing a complement B in Q . 
From \t>, r/ia} € N we obtain by a straightforward computation
0,
As G € Cp , there exists some fc with
In particular, we get
and so
As n i. N has been chosen arbitrarily, we get
The l a t t e r holds for any b € 5 and so [iV, a . . Hence every nonidentity element of 4 acts fixed point freely on N and so A is cyclic. This, however, contradicts the structure of A . Proof. Let p be an odd prime and l e t G be a counterexample of least possible order. From [2, 2.9] we infer that G is a s p l i t extension of a uniquely determined minimal normal subgroup N = F(G) by a complement Q . Moreover, a l l proper subgroups of Q have abelian Sylow p-subgroups. This implies that § is a nonabelian p-group a l l of whose proper subgroups are abelian. So Q i s nilpotent of class two by a r e s u l t of Redei [S, p. 309]. Also, » i s a p'-group.
We claim that every nonidentity element of Q acts fixed point freely on N . Indeed 
COROLLARY. Let G d \> 2 . Then G/F{G) is mtabelian.
Proof. Theorem A implies t h a t Q = G/F{G) i s supersoluble, and so Q' i s n i l p o t e n t . By Theorem B, a l l Sylow subgroups of odd order of Q' are abelian. Let S be a Sylow 2-subgroup of Q . As G € V , S satisfies the second Engel condition and so is nilpotent of class two. Hence 5 ' is abelian. As Q is 2-nilpotent, S' is a Sylow 2-subgroup of Q' . So Q' is abelian and the result follows.
From this we can deduce a property of infinite soluble groups of depth two.
COROLLARY. Let G be poly-(abelian or finite). Assume that for any x, y € G there exists some positive integer s
Proof. Let U be a finitely generated subgroup of G . From [4, Theorem B] we infer that U is finite-by-nilpotent, and so U is residually finite. Every finite quotient of U belongs to the variety . V of a l l (2-Engel)-by-metabelian groups. This implies U € V. and so G € V .
The remainder of our main theorem now follows from Let G be a minimal counterexample. Again G is a split extension of a minimal normal subgroup N = F(G) by a complement Q acting faithfully on N . Clearly it i s an elementary abelian 2-group. From Theorem A we infer that Q is supersoluble so that, in particular, Q is 2-nilpotent. Let x (. Q be a 2-element. Then < N, x) is a second Engel group and so a straightforward computation shows that x is an involution.
This proves lAcf) = 1 contradicting our choice of G .
Some groups o f small depth
In the sequel a collection of examples may be found which illustrate that some stronger versions of the above theorems cease to be true. A similar sort of argument proves that any extension of an elementary abelian 2-group by the dihedral group of order 2p , where p i s any odd prime, has depth 2 . So groups in V^ need not be metanilpotent.
We end with some speculations concerning the general s i t u a t i o n . In at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700026150
